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AN EFFICIENT SPECTRAL METHOD FOR ORDINARY
DIFFERENTIAL EQUATIONS WITH RATIONAL FUNCTION
COEFFICIENTS

EVANGELOS A. COUTSIAS, THOMAS HAGSTROM, AND DAVID TORRES

ABSTRACT. We present some relations that allow the efficient approximate in-
version of linear differential operators with rational function coefficients. We
employ expansions in terms of a large class of orthogonal polynomial fami-
lies, including all the classical orthogonal polynomials. These families obey
a simple 3-term recurrence relation for differentiation, which implies that on
an appropriately restricted domain the differentiation operator has a unique
banded inverse. The inverse is an integration operator for the family, and it
is simply the tridiagonal coefficient matrix for the recurrence. Since in these
families convolution operators (i.e., matrix representations of multiplication by
a function) are banded for polynomials, we are able to obtain a banded repre-
sentation for linear differential operators with rational coefficients. This leads
to a method of solution of initial or boundary value problems that, besides
having an operation count that scales linearly with the order of truncation NV,
is computationally well conditioned. Among the applications considered is the
use of rational maps for the resolution of sharp interior layers.

1. INTRODUCTION

The solution of constant-coefficient ordinary differential equations with periodic
boundary conditions is especially simple in the Fourier spectral representation, since
differentiation of a smooth function is replaced by multiplication of its Fourier co-
efficient vector by a diagonal matrix. An analogous property is shared by Hermite
polynomial expansions in unbounded domains. Other spectral representations give,
in general, almost full triangular differentiation matrices. However, for polyno-
mial families such as the Chebyshev and Legendre, the matrices representing some
commonly occurring operators, such as the Laplace operator in various separable
geometries, are known to be reducible to simple, banded form through the use of
appropriate banded preconditioners ([12, Ch. 10], [9, 18]). The origin of most of
such simplifications is found in the fact that the matrix operator for integration in
any of the classical orthogonal polynomial families is tridiagonal [8].
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In this article we show how to exploit the properties of the operator of integration
for arbitrary classical orthogonal polynomial families to arrive at efficient spectral
algorithms for the approximate solution of a large class of ordinary differential
equations of the form

(1) Lu= Z(mn_k(x)Dk)u = f(z) , z€Q=(ab),
k=0

subject to the constraints
Tu=c,

where my, are rational functions of x, D* denotes kth-order differentiation with
respect to =, 7 is a linear functional of rank n, and ¢ € R,. (Typically, the
constraints are boundary or initial conditions, but this is not necessary.)

We must mention that the basic idea of the method presented here was first intro-
duced by Clenshaw [6]. He realized that solving for the highest derivative present in
a given ordinary differential equation leads to banded forms for Chebyshev Galerkin
discretizations for ODEs with low-order polynomial coefficients, which then he
solved by backward recurrence relations. The method is further discussed in the
monograph by Fox and Parker [11], again for the Chebyshev polynomials. Among
our main contributions are the development of an efficiently implementable algo-
rithm for general, nonsingular problems in arbitrary classical orthogonal polynomial
bases, together with its conditioning and convergence analysis, and the application
to the resolution of sharp layers through rational maps. We present now the basic
description of our method, followed by an outline of the rest of the paper.

The problem of approximating solutions of Ordinary or Partial Differential Equa-
tions (O or PDE) by spectral methods, known as Galerkin approximation, involves
the projection onto the span of some appropriate set of basis functions, typically
arising as the eigenfunctions of a singular Sturm-Liouville (SL) problem. The mem-
bers of the basis may satisfy automatically the auxiliary conditions imposed on the
problem, such as initial, boundary or more general conditions. Alternatively, these
conditions may be imposed as constraints on the expansion coefficients, as in the
Lanczos T-method [15].

It is well known [5] that the eigenfunctions of certain singular Sturm-Liouville
problems allow the approximation of functions in C* [a, b] whose truncation error
approaches zero faster than any negative power of the number of basis functions
(modes) used in the approximation, as that number (order of truncation N) tends
to oo . This phenomenon is usually referred to as ‘spectral accuracy’ [12]. The
accuracy of derivatives obtained by direct, term-by—term differentiation of such
truncated expansions naturally deteriorates [5], but for low-order derivatives and
sufficiently high-order truncations this deterioration is negligible, compared to the
restrictions in accuracy introduced by typical difference approximations. Since
results on the accuracy of spectral methods are well documented in the literature,
we shall limit ourselves to the discussion of certain formal properties of orthogonal
polynomial families, which allow algorithmic simplifications in their use. Facts
about orthogonal polynomials that we shall need can be found in any of the standard
references (e.g. [16, 19]).

Throughout, we assume that we are working with a family of polynomials {Q}§°
which are orthogonal and complete over the interval (a,b) (here a and/or b can be
infinite) with respect to the nonnegative weight w(z). In the cases of interest, these
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are the eigenfunctions of a Sturm-Liouville problem
(2) (P(2)Q%)" + Xew(@)Qr = 0.

Then the @), form an orthogonal family as well, with nonnegative weight p(z) which
satisfies p(z) — 0 as £ — a,b. In this paper we focus exclusively on the classical
orthogonal polynomials, i.e., the Jacobi (special cases of which are the Chebyshev,
Legendre and Gegenbauer polynomials), Laguerre and Hermite polynomials, which
are the only polynomial solutions of Sturm-Liouville problems of the form (2) [14].
We will assume that the functions under consideration possess sufficient differentia-
bility properties over (a,b) and can be expressed as a series involving the Q. See
[5] for a discussion of the convergence properties in the relevant function spaces.
We introduce the spaces Q7, by

Qr, = span{Qx|m < k < n}.

Our method constructs an approximate particular solution of (1) in a subspace of
codimension n (e.g. (Qp~")*) such that when nth-order differentiation is restricted
to this subspace it has a simple inverse. We also require that L be invertible when
restricted to this subspace and that 7 has full rank when restricted to the space of
solutions to the homogeneous problem ((1) with f = 0).

Of key importance for our purposes is the requirement that differentiation or
its inverse (‘integration’ in an appropriately restricted domain) must have banded
form. For example, the first derivative operator in the Chebyshev representation,
D has elements

0, 2y,
—1—D~— 0, i< 7, i+ 7 even,
27" ) J, 0<i<yj, i+j odd,

i, i=0, 7 odd.

Its inverse, when respective domains and ranges are appropriately restricted, is
given by

0 0 0 - 0 0

2 0 =1 -0 ... 0

gl o 12 0o -1/2 0
2 .

0 0 0

0o 0o o0 1k 0 -1/k
Now, DB = Ige while BD = Ige. Clearly, D*B* = Ige as well. However,
BkD* +£ I. If we apply k-fold differentiation to an arbitrary function, all informa-
tion about the first k coefficients in its Chebyshev expansion is lost. If however we
restrict the action of D* to the space Q%°, then B* is a left inverse provided its
range is restricted to the same space. We introduce the notation A to denote a
matrix A with its first k rows set to zero. Thus, we have that B[’;]D’“ = Ig». We
note that these relationships carry over to finite truncations if we replace the last
column of B and the last k£ columns of B[’Z] with zeros, since D* : QN — QY ~*
while B[’jc] : QY% — QY. It is easy to see that these simple inversion (integration)
operators originate in the recursions
T/ T/

3 L kL _omy , k=1,...

) k+1 k-1 °F ’

T3=0 , T =T,
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Tkt 4k2-1) T wk-1(k-2)
V=0 , T/=0 , TY=4T,,

Te , k=1,...,

and so on for higher derivatives. Clearly, B and B[22] are the matrices of recur-
sion coeflicients for equations (3), (4), respectively. In the discussion we use the
same symbol for an infinite-dimensional matrix operator and its finite-dimensional
truncation, where the distinction is clear from the context.

More generally, if {Qx(z)}§° is a family of orthogonal polynomials, then a three-
term recurrence for multiplication by the monomial x

1
() > Qenariir =2Qr , k=0,1,...

l=-1

follows easily from the orthogonality of the @ [19]. Since the @, are orthogonal
(with weight p(z), as is easily seen by integrating (2) by parts), they also satisfy a
relation of form (5):

1
(6) Z Q;c+la’§cl-zl,k =zQ, , k=0,1,...

=1

Therefore, by differentiating (5) and combining with (6), we arrive at [8]

1
(7) D Qipibrirk =@k, k=0,1,... ,

l=—1

which allows the efficient inversion of differentiation to all orders. The coefficients in
(7) can be derived from those of the basic recurrence (5), which defines the family.

The method we shall present in §3, explained in detail for 2nd-order operators
but not limited to them, relies on restricting the domain of D™ to the subspace
QY = span{Q}Y, thus ensuring the existence of a unique inverse. Throughout,
we tacitly assume that the operator Ly, the Nth-order Galerkin approximation to
L, has rank N —n when acting on elements of QY. Thus, the problem of solving the
resulting algebraic system for right-hand sides restricted to Qév ~™ has a solution
containing n free parameters. We moreover assume that the operator is nonsingular
when restricted further to Q2. Thus, the null space contains no element orthogonal
to Q(’)‘"l. These assumptions are not as restrictive as one might at first expect. The
method is most effective when the above problem needs to be solved repeatedly for
several right-hand sides f and high accuracy is desired. This type of problem
arises, e.g., when the Navier-Stokes equations are solved in a geometry in which
the Laplace operator is separable, and the boundary conditions are periodic in all
directions except one. Common examples are provided by the Laplace operator in
various separable curvilinear coordinates, where expansions of smooth functions in
terms of eigenfunctions of the Laplacian in the bounded direction do not possess
good convergence properties.

In §3 we give some examples of the inversion of the Laplacian in some common
geometries, including a disk and an annulus in cylindrical and helical coordinate
systems. The use of the method for initial value problems is demonstrated through
a study of the Airy equation, while the biharmonic equation, analyzed in §4, pro-
vides an example for a higher-order problem. Also considered is the Stokes problem:
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here a coupled system of two second-order equations is studied with boundary con-
ditions given for only one. The method is easily extended to cover this case. The
Chebyshev polynomials are an especially important family, because of their optimal
approximation properties as well as the applicability of the Fast Fourier Transform.
Thus, most of our explicit calculations are carried out for Chebyshev-Galerkin ma-
trices. In §4 we carry out a detailed conditioning analysis for typical problems. It
is found that if the leading coefficient mg(x) does not vanish in the interval under
consideration, the method generically produces well-conditioned operators. Finally,
in §5 we discuss how to use rational mappings to stretch the coordinate system near
points where the solution of a BVP exhibits rapid variation, thus ensuring a more
efficient representation of the solution without sacrificing the speed of the method.

2. RECURSIVE DETERMINATION OF DERIVATIVES

Throughout, we assume that {Qx(x)}; is a family of orthogonal polynomials in
[a, b] with weight w(z), such that if u € C*[a,b] and if we set

N
un =) 4RQk
0

with .
1
a9 = h—k/ u(z)Qr(z)w(z)dz , where hy =|| Qx ||,

then the error || u — uy |jo" = 0 faster than any negative power of N. This is for
example true for the eigenfunctions of certain singular Sturm-Liouville problems -
[5].

We shall write Dy, for the restriction of the nth-derivative operator with respect
to x on QY = span {Qk}év . We adopt the notation

[ee) [ee)
(8) D'u=D"Y Qk=> urQs,
0 0

and we write @iy = col(d;) € RV+! (i =0,1,...,N). In the sequel we will drop the
subscript N when the distinction between truncated and nontruncated expansions
is clear. Also, as stated earlier, we shall write A for a matrix A whose first &
rows have been set equal to zero.

We now prove the following theorem, which is a special case of Theorem 2.2, but
because of its simplicity serves to explain ideas. In this form, the theorem applies,
e.g., to the Legendre polynomials.

Theorem 2.1. If the family {Qx(z)}o satisfies the recurrence
(9) Q;c+1 —Q;c—l =f(k)Qk ) k =071,"' 3
with Q-1 =0, then

Uy U 0

Proof. Clearly,
k
Q@ = S FmQn)

m=0
m+k even
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so that
[ee) [ee)
o o= Y Q=) Uik
k=0 k=0
oo k—1
= Y Y, fmQm
k=0 =
m+k odd
o0 oo
= 2 4fm) 3 @ 0Om,
m=0 k=m+1
m+k odd
and finally
oo
= f(m) Y, @,
k=m+1
k+m odd
resulting in the recurrence claimed above. O

Applying the formula of Theorem 2.1 repeatedly, we can derive similar recursions
for the inversion of higher derivatives as well. For example, for D? we have

(11) U3 yo _p U+ + f(k-1)
fE+D)f(k+2)  *fe+1)f(k)f(k—1)
o =ﬁ2 ’ k=2,3,

+
FR—1Dfk—2)
The above formulae lead to simple algorithms for the computation of derivatives
of functions expanded in terms of the @’s as well as for the solution of simple Initial
(I) or Boundary Value Problems (BVPs). For example, the solution to the problem

u =g(z) , ula)=a ,
where

g(.’lf) = Z ngm(x)’

m=0
can be found in the form
.0 k-1 k41
Uy, = — , k=1,2,...
FTfk-1)  fk+1)

while

2 = <a =S ang(a)) /Qo(a).

Other simple linear BVPs of the form
Lu=g , Bu=1l ,

can be solved efficiently by the inversion of banded matrices if the differential op-
erator L has constant coefficients. For example, let

LY
(12) L——E'l')\.
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In order to solve the BVP (12) with boundary conditions

(13) ula)=a , u()=

numerically, by assuming a truncated expansion for u(z) of order M, we set
U = N*4% — G

in Eq. (11) for k = 2,... , M to get, together with the 7-conditions

Eumm = o |,
-_>-umm =,6a

m=0

an almost pentadiagonal system (except for the first two rows, which are full) for
the coefficients 42,. This can be easily solved by LU decomposition. Thus the
T-conditions are viewed as the first two equations, followed by the first M — 1
recurrence relations for the determination of the 42 , k = 2,..., M, with a9 =
g =0, k> M. This is equivalent to the usual way of stating the 7-method [12].

An alternative approach is suggested here. We specifically look for null vectors in
the form ey = Qx +ux , ux € (QF )L ,k=1,...,n—1. Then, if u, € (Qy 1)+
is a particular solution, the solution to the BVP can be written as u = u,+ agex,
with oy, satisfying an n x n system. Note that if repeated solution of the system is
required with different right-hand sides, the u; need only be determined once, and
there is a slight reduction in computational overhead of our method when compared,
e.g., with an efficient implementation of the 7-method. In fact, our method can
effectively optimize the conditioning of a problem by restricting attention to the
most stable subspace. So, for example, if one is required to solve the Poisson
equation Ay = —g in a region , where Q is a 2-(3-)dimensional rectangle with
one (two) periodic directions and one bounded direction several times by adopting
a Fourier-(Fourier)-@Q expansion, the problem decomposes to equations of type (12)
in the bounded direction for each Fourier mode. The LU decomposition can be
performed in a preprocessing stage and the results stored, resulting in only ~ (10M)
operations per solution per Fourier mode at all subsequent stages. The cost is
thus comparable to solving the Poisson equation in the pure Fourier case! Similar
results can be easily derived for other ordinary differential operators with constant
coefficients.

A straightforward generalization of the previous formulas, which is useful in
deriving properties for the Chebyshev polynomials, follows [8]:

Theorem 2.2. If the family {Qr(z)};" satisfies the recurrence

1
(14) Z Qrytbeviks=Qr , k=0,1,...

I=—1
with Q1 =0, then, if f(z) = 7oy FuQr () is a sufficiently differentiable function,
there holds

1
(15) ]50) = Z bk,k—i—lfk(;i_)l ) k= 1’23 ER) )
I=—1

where the lth derivative of the function f(x) has expansion coefficients f,gl).
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Thus, even in this more general case, the expansion coefficients of a function can
be calculated from those of its derivative in O(NN) operations. The more general
form in Theorem 2.2 will be useful dealing with Chebyshev polynomials, for which
it agrees with the usual normalizations. The proof is straightforward, but we give
it for completeness.

Proof of Theorem 2.2. We can introduce the vectors

A N ~ T
FO = (fé”, f”,...)

4z = (Q0,Q1,--.) , 4z = (Q0, Q1.+ )
Then, f(z) = ¢.f and f' = ¢, f. Also, by assumption, ¢, B = q,, where B is the
coeflicient matrix for recurrence (14). Combining, we find

e (f - Bf(l)) =0.

Assuming that the ng),i = 1,2,..., are independent (true for all families that
satisfy Eq.(5) ), we find the relation claimed. d

and

We note that the Chebyshev polynomials in the standard normalization satisfy
(14) with bk x+1 = (£1)/(2(k £ 1)). Also the Jacobi polynomials in their standard
normalization satisfy a relation of type (14). Strictly speaking, Theorem 2.1 applies
only to the Legendre polynomials (although we can scale the symmetric Jacobi
polynomials so that (9) applies). In any case, (14) shows that integration is always
banded, and of a simple form (the recurrence coefficient matrix) for all the classical
orthogonal polynomial families. The discussion following Theorem 2.1 was given to
clarify ideas, and in principle could have been omitted.

We now focus on the operator D. This operator has a one-dimensional null space,
and if appropriately restricted, it has an inverse. An especially useful restriction
involves the subspace Q$°. In this space, the operator D has a well-defined inverse,
which we will denote as B. Although D has a full upper triangular matrix rep-
resentation, B is banded. Indeed, assuming the recursion in the form of Theorem
2.2, we have that B is the coefficient matrix for the recurrence (14) (note that this
matrix had zeros in the first row since Qj = 0).

Similarly, D™ must be restricted to Q. Indeed, N'(D™) = Qi~', so that the
operator D™ is nonsingular on Q5°, the orthogonal complement of its null space, and
it has a unique inverse, denoted Bﬂl] t Q8 — Q. Any two images of an element

z € QF° under n-fold integration differ by an element of Qg_l. The specific form
of By, fixes that element of Q7 to be the zero element. Thus, the solutions of

n

(16) Lu=Y (mni(z)D")u=fz) , uweQY,
k=0
and
(17) Lu=> (mn(z)D*Bl) z = f(z), z€QF,
k=0

are equivalent. Clearly, D’“B[’;] # B[’;__’jc]. These operators differ since the second
matrix has zeros in its first n — k£ rows. while the first has some nonzero elements
there.
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Example . The operator B[22] 1 Q8° — Q5° (for families that satisfy Theorem 2.1)
is

0 0 0 0 0 0
0 0 0 0 0 0
1 _fitf 1
| ®F Y S 2 : 0 0
(2] — 0 fife 0 T fafafs 0 Fafs 0 ’
0 0 0 0 . .
1 fe—1+f 1
0 0 Fr—2frk—1 0 _f:—llfkf’:cj—ll 0 Fr+1fote
and using
0 fo 0 fo 0 fo
0 0 fi O fi 0
D= : e 3
0 0 fa-1 O
0 0 fox
we find that
0 £ 0o —fo o0 0
+ 0 —% 0 0
0 1 sz 1 0
By#DBy=| 0 7 %
0 0 .. .. 0
1 1
0 0 Fr—1 0 T e

In the general case, the operator D is hard to write explicitly, as it is the ‘inverse’
(in the sense discussed above) of a general tridiagonal matrix. However, all that is
needed in our method is the expression for D¥ Bf;l], which is identical to the matrix

B[’;__]jc] except for the first n — k rows which, in general, will contain some nonzero
elements. These elements are easy to compute however, as they can be expressed
in terms of elements of By;; and the n x n principal submatrix of D. For example,
the operator DB[22] for the general case is identical to Bj;) except for the first row,

whose elements are
rowo (DBg) = —dor (buob1, b, + busbar, bia(bis +bas), biobas, ;... ,0)..

Here, the elements b;; for the classical orthogonal polynomials can be found in Table
1, together with the elements of the matrix A and other relevant quantities using the
standard notation [1]. Also, dp; is the corresponding entry of the differentiation
matrix D, which is simply the derivative of @); expressed in terms of Q). For
example, for the general Jacobi polynomials, dg; = (o + 8+ 2)/2, etc.

The relations for the Gegenbauer polynomials C,(z") can be constructed from those
of the Jacobi polynomials since
MNa+1T2a+n+1) Pplp)
Na+n+1DI'2a+1) " ’
where o = 8 = v — 1/2. Arrays are indexed from 0 to N, the maximum order of
truncation.

oW =
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(T+g+0+4)y (T+%)y A y 4T ¢
(I+g+0+4)T4  1+g+0+3z 1+ i
=y‘u)7 /L | ————— i z K
(T+9+DIT+P+)T 149400 (4 (0=x)/ (T+y+0)a a2/ 1
(T't-) (T'1-) (Tr1-) (0040) (00 fo0—) (9‘0)
(@)m(px — 1) (z*—1) 2/1(z%— 1) -2 140T 22 (z)d
QAH + HvdAH - Hv T N\ﬂlﬁm.ﬁ - ﬁv z—20T malw AHVS
(c+g+0+40) T+ +°+3g) 1+32 (T+4)g I 1T +4)7 -~
A +nm+m+w&%m+ v I I I
(4 0 0+ g F
(1+g+o+yg)(d+o+ag)(g+o+y) | 1+35 (1—¥z 0 0 —
(@ +4)(0+19)g T I
(T+g+P+345)(c+9+°+37) T+ [ (1+5)— [4 I
S%++nﬂoﬁumm+%mv T+ I T
0 0 .
wmnm o) 1) _ 0 0 T+ +yg 0 1
4 14
(g +°+32)(1+ g +»+37) 1+32 (4 ,
s 0+ 5)— 11—
(@ +4)(®+3)e . y T (o +4) !
Em+u+cv+€|§m T T T—o+1 74 v,
I I I I I 0
( Q,cwf 1qooe 47 2IpuaFor] | A AdUsAqey)) Acwru axronger] | Yfy oywIvY | Aqrureq

(1 = 0T = 0'Ip 4T oY) 10§ ‘) = *'0D) SoI[UIR] UOWIUIOD I0] SUOISINOY T ATdV],
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3. THE METHOD

We present now a method for the efficient inversion of operators resulting from
the spectral solution of the ODE

n
(18) Lu=Y (mnk(z)D*)u=f(z) , z€Q=(a,b),
k=0
subject to the constraints
Tu=c.
The constraints are represented by a linear functional 7 of rank n.

We assume now that the matrices M}, representing multiplication by my, are
banded. This is for example the case if the original DE had rational coefficients.
After multiplying out the denominators, we are left with low-order polynomial co-
efficients, and as a result of the simple recursion operator A of multiplication by the
monomial z (5), these have banded representations as convolution operators. The
simplest form is found if we expand the resulting polynomial coefficients in terms
of the Q%, then exploit the properties of the banded operators of multiplication by
Qk. In constructing an approximate solution, we look for a solution of

LNuszN 5 UNEQE])V, fNeQév_na
with Ly the Galerkin approximation to L, as usual [12]. The main result can be
expressed as follows:

Theorem 3.1. Assume that the My, are banded. Also assume that QY = N(Ln)®
QN. Then, if there is a solution uy, it can be written as a combination of an
element w € N(Ln) and an element u, € QY such that Lyu, = f. The solution
of the latter problem can be performed in O(N) operations.

To construct the particular solution, let z = D™u, € QY™™ so that u, = B,z €
QY is uniquely defined. Then the equation can be rewritten

n n
(19) > (Mo D*)U, =Y M, +D*Bp\Z = F,
k=0 k=0

where we have introduced Up, Z , F to represent the vectors of expansion co-
efficients. (We use the same notation, however, for the differential and integral
operators as for their matrix representations.) Since a solution u, of this problem
was guaranteed to exist, z, its nth derivative, exists as well. Here we must note
that in the case of weak solutions the highest derivative must be handled carefully,
but in this case convergence would be slow and the method would be impractical.
Now we address our main question: Is the new system any easier to solve than the
original? This is clearly true: the integration operators are all banded, and to find
u from z we perform one more banded matrix multiplication. To simplify the nota-
tion, in the rest of the paper, unless otherwise stated, we will write DI~" = DJ B[’,‘l],
j=0,...,n—1, where n is the order of the differential operator under investigation.

Finally, we need to determine a convenient basis for the nullspace of the operator
Ly. We define
ek:Qk+wk ) wk€Q71y7
with
Lyer =0= Lyw, = —LNQk.
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Then

n—1
Tu:Tup+ZakTek=c ,
k=0
so that, when the numbers Ty; = (Tex); are found, we have

n—1
Z arTr = c; — (Tup)i.
k=0

In other words, for every new right-hand side we simply need to solve the standard
BVP for u,, then evaluate the quantities (7u,); and solve an n x n system for the
ay. The condition of this system is known in advance.

Example . The radial Laplace equation for the nth Fourier mode is

(m+a)% ((m-ﬁ-a)g—z) —nPu=f , ueQ@l.

This leads to the pentadiagonal matrix

(x+a)’ I+ (x+a)D7! —n?D~2
Example . The helical Laplace equation for the nth Fourier mode is

2

b () - e

This is transformed to the (almost nine-diagonal) matrix
r2(1+r2e®) +r(1 — o?*r?) D! —n?(1 + o?r?)D 2.

Example . The initial value problem for the Airy equation,
y" —a(z—x0)y =0 , y(0)=.355029403792807 , 3'(0) = .258819403792807c¢ ,

has the solution
y(x) = Ai(a(a: - xO)),

the Airy function of the first kind. Here we include the parameters o, zo € [—1,1]
in order to scale the interval over which the problem is solved, since Chebyshev
expansions apply naturally over the interval [—1,1]. For > 0 the solutions decay
exponentially and the numerical algorithm converges rapidly. However, for <
0 the solutions exhibit oscillatory behavior with ever increasing frequency, and
convergence can only be achieved if sufficient modes are included to resolve the most
rapid oscillations present. In Figure 1 we show the solution to the problem with
To = —1, a = 10 with N = 30, 40, respectively. The first case is underresolved, and
the maximum absolute error is O(10~2), while the second case is barely resolved,
and the error is O(107%). A slight increase in the order of truncation improves the
solution dramatically. With N = 64, the error is already less than 10711,

Example . The two-dimensional Stokes problem is expressed by the system

(20) A N 1,/) = —Ww,

(21) Ho=f

where Ay is the nonperiodic part of the Laplacian for the mth Fourier mode in
a two-dimensional geometry with one nonperiodic and one periodic direction; like-
wise, H is a second-order linear operator with rational coefficients. No conditions

are given on w while 1 and 1, are specified at x = £1. Such a system results, e.g.,
from the time discretization of the Stokes equations in appropriate two-dimensional
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A ¢ D
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FIGURE 1. Computed solutions with 30 modes (triangles) and 40
modes (circles) are plotted versus the exact solution of the Airy
equation for o = 10

domains. We consider projections f — fy_s € Q)74 w — wy_s € QY2 and
¥ — Yy € Q). We determine a particular solution for (21) as w, € Qév =2 and
homogeneous solutions wy = Qx + Q, k = 0,1, with Q; € Qév ~2. The general

solution for (21) is then
(22) WN—2 = Wp + 0w + awi.

The general solution of (20) can now be written as ¥n = ¢ + Boto + 191, where
Ve = Qk + Y2, k = 0,1 (with Uy1p € Q) are the homogeneous solutions and
Yp = ¥y + oW+ 0¥y € QY is a particular solution with AnY, = —wp and
ANYy = —wi, k = 0,1. The boundary conditions can now be applied to ¥ to
produce a 4 x 4 system in the ag, Ok, k =0, 1:

Ao = ¢,
with

CAvivr = Y5(1), Az = Y5(-1),
Az i1 = P52(1), Agjri=Y;.(-1)

( = 1,2,3,4), so that A need only be evaluated once, ox+1 = a; , k = 0,1, and
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Ok+3 = Pk, k=0,1,and ¢; =1(1) —¥,(1) etc. If this problem is solved as part of
a time integration of the Navier Stokes equations in a two-dimensional region, the
only functions that need to be computed repeatedly are ¥, € QY and w, € QY 2.

Finally, we comment on the solution of the BVP with arbitrary BC. In this case,
we need to determine the null space, and add an arbitrary combination of nullvectors
to the particular solution to satisfy any desired BC. An alternative form of our
method can also be considered. It is based on commuting the polynomials with
the differential operators and multiplying on the left by the integration operator
D, so that the differential operator matrix becomes banded. This approach is
discussed in [8]. This is in fact the 7-method, and various instances that have been
worked out (e.g. [12, 9]) are of this type. Theorem 2.2 establishes the success of
this approach as a consequence of the basic recurrence relation (14).

However, other preconditioners may be available, depending on the special struc-
ture of the matrix operator Ly [18]. The present method’s main appeal, besides
the fact that a convergence analysis is available (see §4) is its simplicity and gener-
ality. Indeed, the complicated expressions for the differential operators are entirely
avoided. Of course, it should be expected that in special cases simpler forms and
preconditioners might be possible. An example of this is provided by the Laplace
equation in a circle, for which the integration preconditioner leads to pentadiagonal
forms while a simpler tridiagonal form is in fact possible [18]. This is related to the
special properties of the operator (z+1) %. ‘We have not yet explored the flexibility
of the choice of spaces, which may sometimes lead to more efficient algorithms.

4. STABILITY AND CONVERGENCE

As differential operators are unbounded (in the usual norms), so are their dif-
ference and spectral analogues under mesh refinement. Numerical studies have
shown that the spectral radii of Chebyshev and Legendre differentiation matrices
are O(N), where N is the dimension of the subspace. Moreover, these matrices
are far from normal, so that their norms can grow even faster. For example, the
maximum norm of the differentiation matrix, D, for a family satisfying the simple
recursion (14), such as the Legendre polynomials, satisfies the lower bound

N —
(23) 1Dlloe > max £(m) =5

2

From Table 1 we see that f(m) = O(m), so that the lower bound above is O(N?).
This lower bound grows accordingly with the order of the derivative being approx-
imated. (For example the second derivative can behave as O(N*).)

The poor conditioning of the matrices arising from spectral discretizations both
limits the accuracy of solutions, owing to roundoff errors, and imposes severe lim-
itations on the time step for explicit solutions of dynamic problems [17] or on the
convergence rate of iterative solvers. It is well known that the reformulation of
differential equations as integral equations often leads to bounded operators and
well-conditioned problems. As our formulation of the discrete equations is based
on integral operators, we also expect to obtain well-conditioned linear systems.
For some constant-coefficient problems, Greengard [13] has directly analyzed spec-
tral approximations to equivalent integral equations and demonstrated the gains
in accuracy which can be attained. In this section we generalize and expand on
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Greengard’s results to cover the algorithms we have proposed. We use the stability
estimates we obtain to prove convergence of the method.

4.1. Estimates of the condition number. We assume the differential equa-
tion takes the form (18) where the coefficients m;(z) are polynomials and my is
bounded away from zero on [a, b]. Of course, this last condition is required to avoid
singularities in the solution, where the spectral approximation itself may not be
well behaved. We concentrate on the system (19), used to determine a particular
solution

n

(24) Mo+> M;D™ | Z=AZ =F,

j=1
where the M are the Galerkin approximations to multiplication by the polynomial
coefficients and D~7 = D"™J B[’;]. The additional problem to be solved, involving
the boundary conditions, will be of much lower dimension, and its conditioning
will depend on the specific constraint conditions. We begin by estimating various
norms of the integration operators. We view these, now, as operators on I3 and
leo- The bounds we derive obviously extend to finite truncations. We make the
following assumptions about the orthogonal family, which are satisfied for proper
normalizations of any of the Jacobi polynomials, as well as the Hermite polynomials
(see Table 1):

Assumption 4.1. The orthogonal family Qj satisfies

Supy <Qk7 Qk>w
infx(Qk, Qk)w

o
Here, (-,')» denotes the weighted inner product defining the family. The best
exponent, p, is 1 for the Jacobi family and 1/2 for the Hermite family.

(25) = kg < 00,

p>0.

(To use Table 1 to verify the statement concerning p, form the normalized families

by dividing Qr by v/hr and note that by; is transformed to bx;+/hi/h;.) We have
the following lemma, describing the structure of the integration matrices:

Lemma 4.1. The matrices D™7, j = 1,... ,n, are banded with bandwidth j, with
the possible exception of a finite number of_elemgznts in the first j rows, and there
exists a constant B; such that |(D™7)y| < Bjk™IP.

Proof. We first note that the integration operator BE}I] = D~™ coincides with (B[ll])"
except for the first n rows which are zero. Since B[ll] is tridiagonal with elements
satisfying (26), the result is immediate. For the other terms we use the fact that
DB[11] = I to write

(27) D™/ = DBl = D" ((B)" + C) = (B’ + D"7/C,

where the nonzero elements of C' are simply the negatives of the nonzero elements
of (B[lll)" in the first n rows. Since D™/ is upper triangular with nonzero elements

only in superdiagonals n— j to 0o, we see that the nonzero elements of D"~ are
restricted to the first j rows and 2n + 1 columns. Since the result holds for (B[ll])J ,
the lemma is proved.
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This leads immediately to the following theorem:
Theorem 4.1. Forr =2 or r = 0o, the operators D7 : I, — I, are compact.

Proof. The boundedness of the infinity norm follows directly from Lemma 4.1 and
the fact that the norm is equal to the maximum absolute row sum. For the 2-norm
we have

o\ 1/2
oo |max(2n+1,i+j5)

Z Z (D )y

i=1 | l=max(1,i—j)

D™yl

oo max(2n+1,i+j) 1/2

(28) < VaFiBi (Y. Y lwl
i=1 |=max(1,i—j)
< (2n+1)Bjllyls-

To prove compactness it is sufficient to show that ‘D“j can be approximated by a
sequence of bounded operators of finite rank, {D}/}. For these we simply take the
operators defined by setting all rows below M to zero. Repeating the arguments
above we have, for r = 2 or r = oo,

(29) ID™9 = D I < (2§ + 1)B;M ™% =0, M — oo,
completing the proof. |

We would now like to bound the norms and condition numbers of the Galerkin
polynomial multiplication matrices, Mj. We begin by showing that the Galerkin
matrix representing multiplication by an arbitrary polynomial, ¢(z), is nonsingular
if the zeros of ¢ lie outside [a, b].

Theorem 4.2. Let ® be the matriz representation of the Galerkin approzimation
to multiplication by the degree-q polynomial ¢(z) relative to the orthogonal system
{Q;(x)} on [a,b]. If the zeros of ¢ lie outside [a,b], then @ is nonsingular.

Proof. Suppose the contrary. Then there exists a nonzero polynomial, u, of degree
N such that ¢u = Zﬁ__ﬁ\? +1 cQr(z). We then have that ¢u is orthogonal to all
polynomials of degree less than or equal to N and has at least ¢ zeros (counting
multiplicities) outside [a, b]. This implies that ¢y has at most N zeros of odd multi-
plicity in (a,b). Let 5,4 =1,... , s, denote these zeros. Then () = [[;_; (z—7:) is
a polynomial of degree less than or equal to N such that ¢u is of one sign on [a, b].
However, we also have f: woupdr = 0 by the orthogonality of ¢u to polynomials
of degree not more than N. This is a contradiction, so 4 cannot exist. O

An immediate corollary of this theorem is:
Corollary 4.1. The spectrum of ® is contained within {y = ¢(z), = € [a,b]}.

Proof. Suppose ® — AI is singular. Since ® — A is the Galerkin approximation to
multiplication by ¢ — ), we conclude ¢ — A must have a zero in [a,b], completing
the proof.

From the eigenvalues we can easily bound the norms:
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Theorem 4.3. The matriz, ®, satisfies the following bounds:
B2 < L2 < 1 .
(30) [9ll2 < rg mas [¢(a)l, 972 < o max |(1/6(x))

Proof. Let ® denote the matrix representing the Galerkin approximation to multi-
plication by ¢ relative to the orthonormal basis obtained by normalizing the Q’s.
Since ® is symmetric, its 2-norm and the 2-norm of its reciprocal are bounded,
respectively, by the largest and the inverse of the smallest eigenvalues (in absolute
value). These are in turn bounded by max,c( ) [#(2)| and maxge(a,y [(1/0(x))|
from Corollary 4.1. Let R = diag(/(Qi, Qi)w). Then ® = R~'®R. Taking norms
yields the final result. O

We have shown that the system defining the particular solution has the form
Mo+ K, where, for regular problems, M has a bounded condition number uniformly
in N, and K approaches a compact operator. To complete our analysis, we must
develop lower bounds on My + K, which can only be expected if the homogeneous
differential equation admits no nontrivial solutions in ( g—l)J‘. We make this
explicit in the following assumption.

Assumption 4.2. If w is a solution of the homogeneous problem ((18) with f = 0)
satisfying (w, Qk)w =0 for all k =0,... ,n — 1, then w = 0.

We remark that the existence of a nontrivial solution of the homogeneous dif-
ferential equation which is orthogonal to all polynomials of degree less than n is
clearly not generic. If it holds, the difficulties with the method can be remedied
by looking for particular solutions in a different subspace. In the future we plan to
consider the case of singular problems in more detail, particularly in cases where
the lead coefficient is zero somewhere in [a, b].

‘We now define the operator K:ly—lyby

(31) (By), = <Qk, mo)~ ij (Z D‘jy)iQi> >w.

1=0
We then have:

Lemma 4.2. The operator K is compact and, if Assumption 4.2 holds, (I + K)™!
is bounded.

Proof. The proof of compactness again follows by approximating D7 by D;j. If
K1 denotes the resulting approximation to K, it is clear that K is bounded and
has finite rank. Moreover, as M — oo,

(32)

(& - Kooyl < g mex (s i @)y (@)1 1D = D3yl 0
Therefore, K is compact. By the Riesz-Schauder theory the boundedness of
(I + K)~! holds if and only if (I + K)z = 0 has no nontrivial solution in .
Suppose such a solution exists. Let w = D™z, w = E:D:n WiQk. Then we can

write
(33)

Lw= m0(1+molzm] D" = moZ(Qk I+K)Z)k)

Jj=1
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That is, w is a weak solution of the homogeneous problem in (QB‘_I)‘L, with n
derivatives in L2 . By repeated differentiation and use of the fact that mg is bounded
away from zero, we establish that arbitrary derivatives are in L2. Since w is bounded
above and below in arbitrary closed subintervals of (a,b), Sobolev’s inequality im-
plies that w is a classical solution, violating Assumption 4.2. This completes the
proof. O

We are now in a position to uniformly bound the condition number of A.

Theorem 4.4. Suppose Assumption 4.2 holds. Then there exist constants Cy and
C1 and an integer Ng such that for all N > Ny and vectors y with Euclidean norm
L,

(34) Co < ||Ayll2 < Ch.
Proof. The finite system can be written in the form Ay = Mo n(I + Kn), where
n
(35) KN = M(Ijl\f ZMj,NDR{J-
j=1

Here, the subscript N indicates that the degree-N Galerkin approximation is being
considered. The existence of the uniform upper bound, C, follows from Lemmas
4.1 and 4.3. To deduce the existence of the lower bound, we define Ky : l; — I3 by

7 _ (KNyN)ka k=07--'aN7

(36) v ={ § k=0

Here, yx is the (N + 1)-vector formed from the first N 4+ 1 components of y. Let
€ > 0 be given. We will find N(e) such that |[Ky — K|| < € for N > N(e). Given
any element, y, of [ with norm 1 and any M > 0, set y = yar + zp, where only
the first M + 1 components of yps are nonzero and the first M + 1 components
of zpr equal 0. For M sufficiently large, independent of y and N, the estimates
in the proof of Lemma 4.1 imply that |[Knzy|, |[Kzam| < €/4. Moreover, for
N > M + n+ q, where ¢ is the maximum degree of m,, j =1,...,n, we have

37)
M+j ) n M4q+j

s(z) = ij <Z (D7yn)iQi(x) Z Z M; nD3 ym)iQi().
=0

Set e = (Ky — f()yM and let e = & + €, where € is nonzero only in the first N +1
components and the first N + 1 components of € are zero. Note that

38 € = —h Qr,mg's)w, k>N+1.
k 0

Denote by S the vector of expansion coefficients of s, recalling that all components,
Sy, are zero for k > M + n + q. Then, treating vectors whose nonzero components
have index no greater than N as N + 1 vectors, we obtain

(39) MO,NE =9 - M07N(I§'yM)N
However, by the bandedness of My, we have

(40) S = MO,N,N+q(RyM)N+q7
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where Mo Ny N4+q = (Mon Eng) is the rectangular matrix formed from the first
N + 1 rows of My n4q. Therefore,

(41)
My né= (Mon Eng)(Kysm)ntg — (Mon O)(Kym)N+q = (0 Eng)(KEynm)n+q-

Hence,

(42) el = (0 Mg 5 En,g)(Kyar)n+qll < 1M x N - | Mo, vl - [1€]l-
Therefore, we have, for some constant C,

(43) (BN — K)yumll < Clé]l.

For fixed M the functions mg's as well as any of their derivatives may be bounded
independent of yas, ||lyam|| < 1. Therefore, for any integer u > 0, standard approxi-
mation results (e.g. [5, Ch. 9]) imply the existence of constants C(u, M) such that
the right-hand side of (43) is bounded above by C(u, M)N~#. We may then choose
N (e, M) sufficiently large that

(44) max [|(Ky — K)yul| < 5

N > N(e, M).
nax 5 N> (e, M)

We finally have, for M = M (e), N > N(e, M(¢)) and ||y| =1,

(45) I(Ex — Kyl < I(Bn = K)yull + | Enzal| + | Kzul| < e.
By the Banach lemma,

(46) I+ En) " < 1T+ E) A = el + E)7H D!

for N > N(e) and € < (H(I—i—K) H)~t. Since (I + Kn)~! is a block diagonal
submatrix of (I + Ky)~! it follows that ||[(I + Kn)7!|| < [|(I + Kn)7Y|. As we
have uniform lower bounds on M, the existence of Cy follows, completing the
proof. O

4.2. Error estimates. Given these bounds on the condition number of the linear
system, a convergence result is easily proved. We restrict attention to symmetric
Jacobi (Gegenbauer) polynomials, where good results for interpolation have been
obtained by Bernardi and Maday [4]. We explicitly assume that the original problem
has the following properties:

Assumption 4.3. (a) The constraint/boundary operators 7 satisfy an inequal-
ity of the form |Tw| < [|w||w n-
(b) The forcing function, f(z), is in C"([a,d]), r > 1.
(c) If w is a solution of the homogeneous problem ((18) with f = 0) satisfying
Tw=0or (w,Qk), =0forall k=0,...,n—1, then w=0.

We now prove a sequence of estimates of various parts of the error. For the
continuous problem, Assumption 4 3 implies the following (e.g. [7]):

(1) There exists a basis, {u;}7-, 1 € Cx([a,b]), for the space of solutions to the

homogeneous problem takmg the form u; = @Q; + 45, with @; orthogonal to
n—1
[
(ii) There exists a unique solution, u € Cp1.([a, b]), which can be written u(z) =

(z) + Z;ZOI cju;(7) with us orthogonal to Q5.
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(iii) The n x n matrix
= [ T’LL() Tul Tun~1 ]

is nonsingular.

Let vs(z) denote the approximate particular solution, that is, the polynomial whose
expansion coefficients are given by D"z, and v;(x) denote the approximate solu-
tion of the homogeneous problem taking the form @; 4+ 9; with 4; orthogonal to

3_1. We assume that the right-hand side of the inhomogeneous equation is ob-

tained via interpolation at the relevant Gauss or Gauss-Lobatto points. Let
(47) Ta = [ T’Uo T’Ul e T’Un_l ]
We then have:

Lemma 4.3. There exists Ng such that for N > Ny:
(i) There exist constants Gy, such that

||u§.l) -~ ’U]('l)A”w <SGuN7# 0<lp<oo, j=0,...,n—1.
(i) There exist constants R, such that
|ITe = Toll £ RUNTF, 0<p < oo
(iii) There exist constants Dy such that
[ul? = ol < DINTT|| flloyr, 0<T< R,
Proof. We rely extensively on the approximation results listed in [4] and [5, Ch. 9].

Now u;—v; = @;—0;. Let @; = G, n+w;, where u(") € QY ~"and d)](-n) € Q¥ ns1-
Then
(48) ;05 = (Uj,n — ;) +Dj.

Estimates of the last term and its derivatives follow directly from results on ap-
proximation by singular Sturm-Liouville eigenfunctions and the smoothness of ;.
For the first, we rewrite the expansion coefficients as B, Zy,; N and By, Zy ; and

introduce Z.; = ZujN = Zje Let Zojn = ZujN+Q — EN1QZu,j N, where Q is
the bandwidth of the matrices A and E represents extension by 0 of a vector to
a longer vector. Denoting explicitly by A,, the matrix A associated with degree-
(m +n — 1) truncations and by P,, the restriction of a vector of order larger than
m to the m-vector containing its first m components, we have

(49) AN—nZe,j = PN—nAN—n+QZu,j,N
By the properties of A we have
(50) 1 Zeill2 < Cll Zugnl2-

Now Zu,j ~ can be estimated by derivatives of w;. Therefore, we have estimates
of the nth derivative of the error in terms of the difference between u( " and its
projection into @)’ ~". From [5] we directly obtain the estimate in (i). For lower
derivatives we simply apply the bounded operators D=7 to Ze, ;. For higher deriva-
tives we apply the derivative operators, which, though unbounded, still contribute
only polynomial growth. To derive (ii), we use the estimates in (i) and assumption
(a) on the constraint operators.
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Estimates of the particular solution follow the same pattern. Introduce fy, the
polynomial approximation to f used to compute vs, and fn, the orthogonal pro-
jection of f into Q ™. Write u( " = (n) N+ 'w( ), where u(n) € QN ™ and wg " e
QF_ny1- Let the expansion coefﬁc1ents of us, N and v, be given by B[n] Zs u,~ and
B[n]Zs » respectively. Let R = Zs v Zs u,n and Zs w,N = Zs A, N+Q— EN.‘.QZs w,N-
Then we have
(51) ANn-nRs = Py nAN—niQZsun + Fn — Fy.

From the boundedness of the A’s, the first term can be estimated in terms of
[0Sl = O(N=) + |wS™ ||, (This holds because u, v Was constructed by pro-
jecting ugf) into Qév ~™ and applying integration operators.) The second is bounded
by |f = fnllw + IIf = flle = O(N™T) - || fllw,~ The boundedness of A~ then im-
plies (iii) for the nth derivative. The bounds for the lower derivatives then follow
by application of the bounded integration operators. O

We are now in a position to prove:

Theorem 4.5. For some Ny < oo there exist constants H; such that, for all N >
Ny, the difference between the true solution, u, and the approximate solution, v,

satisfies
[u® ~ 9Oy < BN fllars 1=0,...,m.

Proof. We have
n—1
(52) u=us+Z'yjuJ~, Ty =c — Tus,
7=0
n—1
(53) v=vs+26jvj, Tu6 =c— Tus.
7=0
Introducing e = u — v, v =y — § and taking the difference of the equations above,
we obtain
(54)

—”s+z Yi(uj = v;) = vv;), Tav = (To —Te)y — T (us —vs).

Applying estimates (11) and (iii) of Lemma 4.3 and the Banach lemma to the second
equation, we obtain [v| = O(N~")||f|lw,r. Substituting this into the first equation
and again using parts (i) and (iii) of Lemma 4.3, we obtain the desired result. O

We note that the estimate for the nth derivative is of optimal order for finite
r. Of course, for f € C*([a,b]), we have convergence at a rate faster than any
negative power of N.

4.3. Direct computations of the condition number. Finally, we illustrate
the conditioning results by computing the singular values of the matrix used in the
numerical example in §3, namely Airy’s equation with a Chebyshev discretization,
(55) A=T+o®@z+1)D2

The singular values for various N and o were computed using the lapack routine,
dgesvd. The results are presented in Table 2.
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TABLE 2. Extreme singular values for I + o®(z + 1)D~2

a=>5 a=10 a=20
N o1|onv_1| ke | o1 |onas kg | o1 |on1] K2
32 || 46.3| .077 | 605 | 374 | .007 | 53517 {2992 | .100| 29891
64 | 46.3| .077 | 605|374 | .023 | 16015 | 2992 | .042| 71295
128 |1 46.3 | .077 | 605|374 | .023 | 16015 | 2992 | .008 | 378611
256 || 46.3 | .077 | 605 | 374 | .023 | 16015 | 2992 | .008 | 378611
512 || 46.3| .077 | 605|374 | .023 | 16015 | 2992 | .008 | 378611
1024 || 46.3 | .077 | 605 | 374 | .023 | 16015 | 2992 | .008 | 378611

TABLE 3. Extreme singular values for I — aD™*

a=1 a =100 a = 10000

N o1|on_1| K| orfon_i| ke| o1lonoi| ke
32 1.00{ .995)1.01|131| .602}2.17(69.9| .070| 1004
64 1.00| .995(1.01|1.31| .602(2.17]69.9| .070| 1004
128 ((1.00 | .995(1.01|1.31| .6021{2.17|69.9| .070 | 1004
256 (| 1.00 [ .995 | 1.01 | 1.31 602  2.17 [ 69.9 | .070 | 1004
512 || 1.00 | .995|1.011.31 .602 | 2.17 1 69.9 | .070 | 1004
1024 | 1.00 | .995]1.01]1.31) .602|2.17|69.9| .070| 1004

We see that the extreme singular values and, hence, the condition number of
the system matrix are independent of N, once N is taken large enough to resolve
the problem. (The large condition number for large o simply reflects the large but
bounded condition number of the integral equation.) To illustrate the insensitivity
of this result to the order of the underlying differential equation, we have carried
out the same computation for the biharmonic; that is for A = I — aD™*, with the
results tabulated in Table 3.

Here, the results are quite independent of the truncation, as the extreme singular
values are resolved with N = 32, so the only growth in the condition number is
associated with the growth of a.

5. RATIONAL MAPS FOR LAYER RESOLUTION

The Chebyshev approximation to a function with a region or regions of very rapid
variation may exhibit Gibbs-type phenomena, that is large amplitude oscillations of
the error, unless many basis functions are used. Therefore, adaptive computations
using coordinate mappings to stretch these regions have been proposed. Bayliss
and Turkel [3] have made a comparative study of various functional forms, all of
which were transcendental functions.

In order to be able to use our fast solvers, we consider rational maps. That is,
we directly solve (1) in y-space, where

P .

Qy;n)
the polynomials P and @ are of low degree, and 7 is a parameter vector. In an
adaptive procedure, n would be chosen to minimize some measure of the error, for
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example the error functional proposed by Bayliss and coworkers [2]. A very simple
construction of an appropriate map can be motivated in the following way: Let
9(y) = P/Q. The convergence of the Chebyshev expansion (in y) depends on the
behavior of

dbu  (dg\"* dru

dy dy /) dx
This suggests that improved convergence will follow from making dg/dy small where
d*u/dz® is large. We imagine an underlying linear map (so that the limits of the

computational region will be [—1,1]) stretched near a finite number of points, z;.
This can be accomplished by subtracting scaled and shifted multiples of the function

) _ayty
(58) h’s(y7 «, ﬂa 7) - 1 +ﬂy2

Note that h’(0;c, 8,7) = « and that the derivative approaches zero as By? — oo.
We then propose

(59) 9() = Sy+C— Y hs(y— 5505, 85,7;) -
J
The number of terms in the sum, and, hence, the degree of the map and bandwidth
of the resulting matrices, depends on the number of layers present. Then, if S — «;
is small and f3; is large, enhanced resolution at g(y;) will be obtained.
We demonstrate the idea on the following simple boundary value problem:
¢ ¢>
This problem has the exact solution

o(z) = -1 +/ e~ /) g,
~1

which, for € small, exhibits a region of rapid transition near x = 0 whose width is
O(e~1/?). We see below that for € small, and even a large number of modes, there
is a very strong Gibbs-like behavior. We consider the rational map

2 A4y
TAT Ty
which is derived from the general expression above, making use of the symmetry.

In particular, the derivative is minimized at y = 0 where its value is 24/(A + 1).
Under the change of variables, ¥/(y) = ¢(z(y)), the equation becomes

0 (o -« ) L

We studied this equation for various parameter values. We found that with
e = 10712, a value of the parameter A of the map of the order of 107° yielded
the best results. This is reasonable, as one might expect A = O(,/€) to match the
scaling in the layer. We did not systematically search for the optimal value. In
Figure 2 we present the solutions obtained for various numbers of modes, IV, and
mapping parameters, A. Note that A = 1 yields the identity map, i.e., the case of
standard Chebyshev approximation. With A =1 and N = 256 we see oscillations
near the layer with an overshoot of about 18%. Increasing N to 32768, which was
the largest value considered, had no effect on the amplitude of the overshoot, but

(61)

=0, Y1) =
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N=256, A=1 N=32768, A=1
Y Y
[ [ | [ (e 1 [ ! | (e
120~ - 120 — -
100 — Pp«.—_— - 10— _
080 — - 080 — -
0.60 — - 0.60 — -
040 — - 040 — -
020 — - 020 — -
0.00 — - 000 — -
020~ - 020 — -
040 — - 040 — -
0.60 — - 0,60 — -
080 — - 080 — -
-1.00 — —————“ﬂ’q - 1.00 — -
120 - - 120 —
[ J ! | I x | | 1 | 1 x
-1.00 .50 0.00 050 1.00 -1.00 0.5 0.00 050 1.00
N=64, A=10**-6 N=1024, A=6.25X10%*-§
Y Y
Lo - [ [ i | == o=y I [ [ (e
100~ - 1.00— -
090 — - 090 — -
080~ - 080 — -
070 — - 070 — -
060 — - 0.60 — -
050 - - 050 — -
040 — - 0.40 — -
030 — - 030 — -
020~ - 020 — -
010~ - 010 — -
000 — - 00— -
010 - - ol0- -
©.20 - - 20— -
030 - - 30— -
040 — ~ k- -
050 ~ - 050 — -
0.60 — - 0.60 — -
70— - 70 - -
080 ~ - .90 — -
0.90 ~ - £90 — -
1,00 — - 100 ~ -
2001 | | | ) —x  LI0— | | i 1 | -x
-1.00 050 000 050 100 -100 0.50 000 050 1.00

FIGURE 2. Solutions for ¢ = 10~12

did contract the region of oscillation. With A # 1, on the other hand, we obtain
reasonable results with many fewer nodes. For example, with A = 10~% and N = 64
the overshoot is less than 1%. Increasing N to 1024 and spending a bit more effort
optimizing the parameter reduces this to 3 x 1074,

It is clear that there is no change Jin the essential (O(N)) amount of work needed
to solve the problem, although the bandwidth does increase by approximately a fac-
tor of 5. If an iteration were used for the minimization of some error functional, by
shifting the position of the shock and changing the magnification factors, each step
would require the recomputation of the operator coefficients and the solution of the
problem. These procedures are of comparable numerical cost, so that the desirable
features of the method are essentially preserved under the change of variables.

It is worth noting that there are limits to the capability of this method to concen-
trate a large fraction of the mesh in a small region. A simple calculation indicates
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that ¢’(y) = O(e) in a y-interval of width /e. To achieve a greater magnification,
one must use rational maps of higher degree, which results in larger bandwidths.
A more detailed study of the properties of rational coordinate mappings is planned
for the future.

Note added in proof. The three-term recurrence relation for the derivatives of
the Jacobi polynomials appears also in the recent review by Fornberg [10]. We
would like to thank one of the referees for pointing out the paper by Bernardi and
Maday [4], which allowed us to improve our convergence estimate for Gegenbauer
polynomials.
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